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Nearby impurities in w-InSb in high magnetic fields are treated as hydrogen molecules. Because of the 
large g factor the electronic magnetic moments are all in the direction of the magnetic field, making the spin 
part of the wave function symmetric under electron exchange. The exclusion principle then gives an anti­
symmetric space part of the wave function, which decreases the ionization energy. The number of electrons in 
the conduction band is calculated and is found to be greatly increased by this effect at low temperatures. 

I. INTRODUCTION 

WHEN a strong magnetic field is applied to a 
hydrogen-like atom, the ionization energy is 

increased. This has been discussed by Yafet, Keyes, and 
Adams (YKA).1 If impurities in semiconductors are 
treated as hydrogen-like, then the results of YKA can 
be used to predict how far the energies of donor impuri­
ties lie below the conduction band in the presence of a 
magnetic field. Application of these results to donor 
impurities in indium antimonide leads to the conclusion 
that for magnetic fields above 5 kG the ionization energy 
is large enough so that at a temperature of 1°K the frac­
tion of donor electrons left in the conduction band is 
negligible (<10~4). However, recent experiments of 
Love and Phelan2 have indicated that the fraction of 
electrons ionized even up to 30 kG at this temperature 
may be of the order of 10~2. A partial explanation of this 
might be that the hydrogen atom model is not good for 
the impurities in indium antimonide. This is indicated 
by the fact that no ionization energy has been observed 
when no magnetic field is present even for very low 
impurity concentrations. Also experiments of Sladek3 

appear to give ionization energies with a magnetic field 
which are lower than the YKA theory predicts. How­
ever, these ionization energies are still large enough to 
make the fraction of ionized electrons small compared 
to 10~~2 for fields greater than 10 kG. 

A possible explanation of this lack of freeze-out is 
considered here. It is based upon the exclusion principle 
which becomes important for the electronic wave func­
tions when two impurities are close together. Because of 
the large g factor of the electrons in indium antimonide,4 

there is a relatively large separation in energy between 
different spin states for fields of a few kilogauss, and the 
only states that need be considered at a few degrees 
Kelvin are those with all effective magnetic moments 
parallel to the magnetic field. Then the electronic wave 
function for two impurities close together has a sym-
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metric spin part and, therefore, an antisymmetric space 
part. This tends to reduce the binding energy of the 
electrons. On the other hand if one of the electrons is 
ionized to the conduction band, the exclusion principle 
has little effect and this ionized state might have even 
lower energy than the unionized state. 

The model that will be used in the next section is that 
of a hydrogen molecule for nearby impurities (though 
far apart compared with the lattice spacing); i.e., the 
potentials will be taken to be pure Coulomb potentials 
modified by the dielectric constant. The electronic ef­
fective mass will be assumed to be isotropic. A varia­
tional calculation will be made to find the energies. 

II. CALCULATIONS 

In this section, the calculation of the electronic 
energies for two impurities close together will be dis­
cussed and the results will be used to find the fraction of 
the impurity electrons which are in the conduction 
band. 

The effective mass Hamiltonian for the unionized 
impurity combination with two donor electrons is as­
sumed to be 

3e=L«.2C(p»+«A^)V2f»* 
+e2(—ru -rur^/Kl+ei/Km, (1) 

where the subscript i designates the electron, and the 
subscripts a and b denote the two impurities. The ef­
fective mass m* will be taken to be 0.013 times the elec­
tron mass, and 16 will be used for the dielectric constant 
K. The effect of spin will not be considered explicitly 
in the Hamiltonian. It will simply be assumed that all 
electronic magnetic moments are in the direction of the 
magnetic field H. Calculation shows that for the tem­
peratures (T^4°K) and the fields (H^5 kG) con­
sidered here, the energies are such that statistically this 
is a very good approximation. The gauge will be chosen 
such that 

A=*(Hxr ) . (2) 

The origin of the coordinate system will be taken 
midway between the two impurities. If the y axis is 
perpendicular to the magnetic field and to the line join­
ing the impurities, the positions of the impurities will be 
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designated by db|r0 with x and z components ± | x 0 and 
±Jzo. 

The Rydberg constant for a hydrogenlike atom with 
mass m* and dielectric constant K is 

iwV//c%2=0.69X10-3 eV 

and its Bohr radius is 

#VwV=642 A. 

Expressed in these units of energy and length the 
Hamiltonian becomes 

3C= £<- i .2 [ - V?+yLzi+\y2(x?+y?) 
-2(ria-i+rib-i)l+2/r12, (3) 

where y is the ground-state Landau energy yheH/m*c 
= yho)c expressed in rydberg units (3.2 for 5 kG) and 
Lz= (rxp)g/h. The magnetic field is taken in the direc­
tion of the z axis. The cylindrically symmetric ground-
state wave function for a single electron in a magnetic 
field with no Coulomb interactions is proportional to5 

exp£—\y(x2-\-y2)+ikzz~]. This suggests that at high 
magnetic fields reasonable symmetric and antisym­
metric variational wave functions might be 

+±=N±lF(*i,toMti9 -to)±F(r2,r0)F(r1} - r 0 ) ] , (4) 

where 

F(r,r0) = exp{[(a;-!*o)2+:y2>-2 

+ (z-iz0n-*-iirx0y}, (5) 

with the variational parameters a, b, and T. The term 
involving T gives a gauge transformation corresponding 
to a translation of coordinates perpendicular to the y 
axis. For large r0, V approaches y and this term corre­
sponds to the coordinate translation of —|ro. In this 
limit the variational function is substantially the same 
as that of YKA. The T term can also be considered to 
take account of possible anisotropy in the xy plane when 
the impurities are close together. The normalization 
constant is given by 

iV±-i=21/V^(27r)3/2(ldb77)1/2 (6) 
with 

r) = expZ-i(a-2+TW)x0
2-ib-Wl. (7) 

The expectation value of the Hamiltonian for these 
functions is 

X (a-2-r2a2)+2o26-4+2x0
2(r-7)2>/(l±^) 

-4(27r)3%W±
2 Re{47ra2o-1 ln[(l+<r)/(l-<r)] 

+2G(1,0)-G(2-1/2,0)=FG(0,2-1/2) 

±4V'2G(il) exp[-|(^o2/a2+2o
2/^2)]}, (8) 

where Re means real part, 

a=(l-a2/b2yi2, (9) 

6M. H. Johnson and B. A. Lippmann, Phys. Rev. 76. 828 
(1949). 

and 

G(u,v) = e x p [ - J (xo2/a2+z0
2/b2)u2'] 

nil! i*V p /»oo —I 

X / a~2U+/3exp082)/ exp(-w2)dw \ 

Xsindddd<l> (10) 
with 

a2 = il(sin$/a)2+ (cos0/6)2], 
2a(3 = u£(xo sin0 cos0/a2)+£o cos0/Z>2] 

— ivxoT sin# sin<£. (11) 

The energy e_ corresponding to the antisymmetric 
function ^_ will be taken as the energy of the unionized 
impurity molecule. 

The case of the singly ionized impurity combination 
may be treated in a similar fashion. The Hamiltonian 
is the same as that of Eq. (3) but with the ri2 term and 
the i subscript and summation dropped. If a wave func­
tion of the form 

$=i4F(r,ro)+5F(r,-ro) 

is assumed, a variational treatment shows that A = ±B 
so that 

* ± = t f ± T W r 0 ) ± F ( r , - r 0 ) ] . (12) 

The normalization constant is given by 

(^±
,)-2 = 2a2K27r)3/2(l±97

1/2). (13) 

To the expectation value of this Hamiltonian the Landau 
energy of the other electron should be added to obtain 
the total two-electron energy. The result is 

€±' = (2n+l)y+k2+i(72a2+a-2)+ib-2 

+-hx0
2(T~y)2T{Zxo2(a~2-y2a2)(a~2-T2a2) 

+2o26-4+2^o2(^-7)2]^1/2/16(ld=t?
1/2)}-4(iV:t

,)2 

XRe{27raV-1ln[(l+a-)/(l-c7)]+G(l,0) 
±2G(i,i) expC-|(^o2A2+0o2/^2)]} , 

n=0, 1,2, . . . . (14) 

The G's and a are as defined above in Eqs. (9) and (10). 
The first two terms on the right of this equation give 
the Landau energy with kz the wave number in the direc­
tion of the magnetic field. 

The energies €±, €±' were found by calculations on an 
IBM 709 computer. In these calculations an approxi­
mate algebraic expression for the error integral in G, 
Eq. (9), was used with Simpson's rule giving the other 
two integrations. It was found that the energies are very 
insensitive to changes of T near the minimum of the 
expectation values of the energies. Therefore, the ener­
gies were minimized by first finding the a's and 6's 
for which the partial derivatives of the energies with 
respect to a and b were zero by a relaxation method, and 
then finding the T's for which the partial derivatives of 
the energies with respect to T were zero. This was re­
peated until the energies did not change in the third 
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TABLE I. The variational parameters, a and b, for 0=0. 

R 

i 
2 
3 
00 

i 
3 
oo 

4 
3 
00 

i 
3 
00 

a 

0.49 
0.49 
0.43 
0.36 
0.36 
0.33 
0.27 
0.27 
0.24 
0.22 
0.22 
0.20 

b 

0.74 
0.72 
0.62 
0.64 
0.63 
0.54 
0.56 
0.54 
0.47 
0.51 
0.49 
0.43 

a 

0.40 
0.47 
0.43 
0.32 
0.35 
0.33 
0.25 
0.26 
0.24 
0.21 
0.22 
0.20 

b 

0.44 
0.58 
0.62 
0.39 
0.51 
0.54 
0.34 
0.44 
0.47 
0.31 
0.40 
0.43 

significant figure. These calculations were carried out 
for magnetic fields of 5,10,20, and 30 kG and for various 
impurity separations and orientations relative to E. 

The variational parameters appear to be most simply 
given as functions of i£=[(x0/a0)2+(2o/6o)2]1/2 a n ( i 
0= t&n^ixo/zo), where a0 and b0 are the values of a and 
b, for ro approaching infinity. The resulting parameters, 
a and b, are given in Table I for x0 zero for $- and for 
<J>+. The a's are almost independent of 0 as is the b for 
<£>+. The b for ^_ and for 6=\tr is 0.12 less than that for 
6= 0 at R=| and 0.06 less for R= 3 for these fields and 
varies approximately linearly with 0. Also, between 
R=% and R=3, a and b vary approximately linearly 
with R. The energies e+ and €_/ were found only roughly, 
and thus the corresponding a's and b's are not tabulated. 
Also because the energies were so insensitive to T this 
parameter was rarely found very accurately. At R=% 
the parameter V is about 15% greater than y for ̂ _ and 
25% less than 7 for <I>+ near 0=0. 

The energies €_—2Y and €+'—27 for n and kz zero, 
the energies relative to the lowest Landau level, are 
shown in Fig. 1 for various r0 for 0=0. The energy e_ 
changes very slightly between ro's of 140 A and 1120 A 
for 0=0. For r0=140A and 0=§, €+'-27 is slightly 
smaller in magnitude and e_— 27 is about 20% greater 
in magnitude than for 0=0. The difference between e+ 
and e_ is the ionization energy. This is shown for 0=0 
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FIG. 1. Energies of the impurity molecule versus magnetic field 
for various r0- The solid curves give <=+'—2y and the dashed curves 
give e_—2y. 
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FIG. 2. Ionization energy e/— e_ is given as a function of the 
magnetic field H for 0=0 and for various r$ (solid curves) and 
for 6=\TT for the same TQ (dashed curves). 

and 6=\K versus magnetic field for various r0 in Fig. 2 
and is shown versus angle for a magnetic field of 10 kG 
in Fig. 3. Curves for other fields are qualitatively very 
similar to those of Fig. 3 with larger energies and smaller 
lengths for larger fields. It is seen that the binding energy 
of the electron is reduced considerably for close spacing 
of the impurities, especially where r0 and H are nearly 
parallel or antiparallel, and is, in fact, negative for some 
values of the parameters. One would expect this binding 
energy to be less for small 0 than for 0= |TT, as shown in 
Fig. 3, because the magnetic field shrinks the single 
particle wave function primarily in directions perpen­
dicular to the field. Thus, when r0 is perpendicular to 
H, the exchange terms in the expectation value of the 
Hamiltonian will be less important than when r0 and 
H are parallel. 

The quantity e+ was roughly calculated simply to 
test the validity of neglecting states with antisymmetric 
spin functions, i.e., one magnetic moment antiparallel 
to H. As mentioned above, it was found that these can 
be neglected in the statistical treatment for the fields 
considered. The energies e+ and €_/ become equal for 
large r0, and thus give equal contribution in the 
statistics. Therefore, it appeared necessary to calculate 
€_' in order to see if there is appreciable variation in 
€-'— €_ in the region where both e+ and eJ are import­
ant. It was found that €_'— e_ varied little from that for 

2-QQl 1 I 1 I — i 1 1 1 1 
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FIG. 3. Ionization energy e+'—e_ is given as a function of the 
angle 0 between r<j and H for various values of YQ. The magnetic 
field is 10 kG. 
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infinite impurity spacing except for vary small r0 where 
the levels corresponding to *+ would greatly predomi­
nate in the statistics. Therefore, €_'— €_ was simply set 
equal to its value (given by YKA) for r0= oo in the 
treatment below. 

The calculation of the number of electrons in the 
conduction band will next be discussed. If it is assumed 
that the impurities can be separated into noninteracting 
pairs, the grand partition function is 

Z=Ui{l+expl(2fi-€J)/kT2 

X l l H l + e x p C ( M - ^ ) / ^ r ] } , (15) 

where /J, is the Fermi energy. The subscript i refers to 
an impurity doublet, and j , to a conduction band state. 
The quantities e±f are e± minus the Landau energy, 
and Ej is the Landau energy in the conduction band. 
Here the states with magnetic moments antiparallel to 
the magnetic field are neglected along with excited 
states of the impurities. The assumption that the im­
purities can be treated in pairs raises the question as to 
how one could unambiguously do the pairing. A possible 
pairing procedure might consist of steps in which one 
selects as a pair the two closest spaced impurities, 
neither of which was chosen in a previous pairing step. 
In following this procedure one does not consider the 
possibility that three or more impurities might be close 
enough together so that simple pairing is not a reason­
able way of treating the grouping. This difficulty is 
related to the other assumption above, that the pairs 
are not interacting. However, as the density of impuri­
ties decreases, possible interaction of three or more 
impurities becomes less and less important. Thus, the 
assumptions made above correspond to a low density 
approximation. This approximation appears to be justi­
fied at least up to densities of 1015/cm3 in indium anti-
monide for the fields considered here. 

The average number of electrons bound to an im­
purity doublet is given by 

/<= -kT(2d/d6^+d/d6+"+d/deJ')ilnZ. (16) 

When the exponents involving e_, €+", and e_" are 
large, as is true for the temperatures considered here, 
the one in the resulting denominator is small in compari­
son with the exponentials and can be dropped. Then 

f^l+V{l+expt(e^e+"-n)/kTl 
+exp[ (e_-e_" -M)Ar]} . (17) 

The number of electrons in the conduction band due to 
one impurity is 2—/». The average number of electrons 
in a conduction band state is given by the usual Fermi 
function, 

fj-l/il+expKEj-ri/kT]}. (18) 

In the Landau representation,5 the state in the conduc­
tion band is characterized by the integer n and the 

propagation vector with components kv and kz. The 
component ky, when multiplied by the square of the 
characteristic length 

X=(^A#) 1 / 2 , (19) 

is physically a translation of orbit center in the x direc­
tion. Then, for a cube with unit sides, the maximum 
range in ky is 1/X2. Since the energy does not depend on 
kv, the number of electrons per unit volume in the 
conduction band is 

iV ^ 2sn,kif,kg Jn,h9
z= [J'TfK ) 2L*ntkg Jn,ka 

=En(2irX)~2f (l+exp{[(*+J)*»o 

-00 +*.V2i»*-M]/*r})-y*- (20) 

in the usual units. For the values of H/T used in this 
paper only the n—Q term need be retained in the sum­
mation. Another expression for N is obtained by sum­
ming 2—fi over the impurity doublets. With p the 
number of impurities per unit volume, the probable 
number in a differential volume dV is pdV. The proba­
bility that there are no impurities in the volume V is 
then 

TI(l-pdV) = e~rv. 

The probability that there are no other impurities in a 
spherical volume V surrounding a given impurity, but 
that there is one between V and V+dV, is thus 

dP=pe-*vdV. (21) 

This will be used for the probability for a pair of im­
purities to occur a distance r0 apart with the angle 
between ro and H equal to 0=tan~1(#o/i5o). This as­
sumes that a given impurity is always associated with 
the next nearest impurity. This is a good approximation 
for impurities close together for low concentrations with 
the pairing procedure given above. Equation (21) may 
not be a good approximation for impurities with average 
spacing, but again for low density, these would largely 
have energies differing little from that for infinite spac­
ing so that any properly normalized probability function 
could be assigned to them. The alternate expression for 
N is then 

N=Mif>)[ f [2-/(ro,0)]p 
Jo Jo 

X exp ( - 4nprQ*/3)r <?dr0 sinddd (22) 

with f(to,$) given by Eq. (17). The Fermi energy ju 
is found by equating the two expressions for N in Eqs. 
(20) and (22). The necessary calculations were carried 
out on an IBM 1620 computer. These calculations con­
sisted of performing the integrations numerically and 
using a relaxation method to obtain the equality of the 
expressions. The resulting N/p is shown in Fig. 4 for 
four fields and for p= 1014/cm3. For comparison N/p is 
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•t= t \t if i I =i 
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FIG. 4. The solid curves give the fraction of electrons in the 
conduction band as a function of temperature for four magnetic 
fields using the hydrogen molecule model. The dashed curves give 
this fraction for noninteracting impurities for the same fields. 

also shown for the case where both eJ' and €+" have 
the values for infinite spacing. 

III. DISCUSSION 

Figure 4 shows that the effect considered in this paper 
greatly increases the fraction of electrons in the conduc­
tion band near 1°K. However, at H= 30 kG, the fraction 
is still an order of magnitude lower than the experiments 
of Love and Phelan2 indicate. Also the effects of com­
pensation were not taken into account above. Calcula­
tions show that if the compensation is comparable to 
the fraction of electrons of Fig. 4, the fraction is not 
greatly changed near 1°K, but when the compensation 
is more than three times as great, the fraction is greatly 

decreased. Several calculations with p=1015/cm3 were 
also made. This increased the fraction of electrons ion­
ized by about a factor of three near 1°K over the results 
forp=1014/cm3. 

There was no independent check to show how ac­
curate the variational calculations were. However, it 
was observed that the energies, both total e+ and €_ 
and their differences, changed only slightly from what 
was obtained if a, b, and T were simply chosen to be 
the values of these parameters &o, £o, and y for infinite 
ro. It is believed, therefore, that the results are fairly 
accurate. 

This model does not appear to account completely 
for the observed number of electrons in the conduction 
band. However, as pointed out in Sec. I, there is some 
doubt as to the correctness of a hydrogen molecule 
model. If the binding of the electron were less, as indi­
cated by experiment, the number of electrons in the 
conduction band could be greatly increased; firstly, 
because of the lower ionization energy compared to 
kT, and secondly, because the wave functions would 
have larger characteristic lengths so that ro need not be 
as small to give an appreciable effect. Also the calcula­
tions assumed a random impurity distribution. Any 
lack of randomness, e.g., impurities precipitating out on 
crystal imperfections, which gives more impurities 
close together than randomness would predict, would 
increase the effect discussed here. Therefore, this effect 
might account for the observed number of conduction 
electrons if these considerations were properly taken 
into account. 


